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Abstract
It is shown that the order of magnitude of the k-color Ramsey numbers rk(C2m) is k
m/(m−1) for
m = 2, 3, 5 as k →∞.
c© 2008 Elsevier Ltd. All rights reserved.
Let G be a simple graph. The k-color Ramsey number rk(G) is defined as the minimum integer
N such that in any edge-coloring of the complete graph KN in k colors, there is a monochromatic
G. If G is a bipartite graph and k is large, then rk(G) is closely related to its Tura´n number
ex(n;G), which is the maximum number of edges in an n-vertex graph that does not contain G.
It is known that the asymptotic formula of ex(n;C4) is n3/2; see Erdo˝s–Re´nyi [7] and Brown
[4]. For an even cycle C2m , Erdo˝s [6] and Bondy and Simonovits [3] gave
ex(n;C2m) ≤ c n1+1/m, (1)
where here and henceforth c = c(m) > 0 is a constant. The fact that the upper bound (1) has
the right order of magnitude was proved by Benson [2] for m = 3 (for better bounds, see Fu¨redi,
Naor and Verstrae¨te [8]), and by Wenger [16] and by Lazebnik, Ustimenko, and Woldar [10–12]
for m = 2, 3, 5. Lazebnik and Woldar [14] considered constructions for multi-color Ramsey
numbers. It is easy to see the upper bound (1) gives
rk(C2m) ≤ c km/(m−1). (2)
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Furthermore, if the order of magnitude of rk(C2m) is km/(m−1) as k → ∞, then the order of
ex(n;C2m) is n1+1/m as n → ∞. We thus know that it is harder to obtain the exact order of
magnitude of rk(C2m) than that of ex(n;C2m). The asymptotic formula (and so the order of
magnitude) of rk(C4) is k2, obtained by Chung and Graham [5], by Irving [9], by Lazebnik and
Woldar [13], and by Axenovich, Fu¨redi and Mubayi [1] as a special case of rk(K2,m). We shall
obtain the right order of magnitude rk(C2m) for m = 2, 3, 5. The key step of our proof is a
generalization of the constructions in [16], and a specialization of that in [14].
Theorem 1. Fix m = 2, 3, or 5. The order of magnitude of rk(C2m) is km/(m−1) as k →∞.
For a bipartite graph G, let brk(G) be the minimum integer N such that, in any edge-coloring
of the complete bipartite graph KN ,N in k colors, there is a monochromatic G. This is the
bipartite version of the Ramsey number; see, e.g., Thomason [15] for comments. Theorem 1
is an immediate consequence of Lemmas 1 and 5 to be established.
Lemma 1. Let m ≥ 2 be an integer. Then brk(C2m) ≤ c km/(m−1), where c is a constant
depending on m only. Furthermore, as k → ∞, if the order of magnitude of brk(C2m) is
km/(m−1), then that of rk(C2m) is also km/(m−1).
Proof. The first assertion can be proved by a well known argument, which is similar to that from
(1) to (2). For the second, if brk(C2m) ≥ (c1 − o(1))km/(m−1), then for large n there is an edge-
coloring of Kn,n with at most (1+o(1))(n/c1)(m−1)/m colors containing no monochromatic C2m .
In fact, for any  > 0, there is N0 > 0 such that if n ≥ N0 then such edge-coloring of Kn,n uses
at most (1+ )(n/c1)(m−1)/m colors.
Let N = rk(C2m). Clearly N → ∞ as k → ∞. In the subsequent procedure, we shall
partition the vertex set into smaller and smaller subsets unless their cardinalities are at most
N0. We first partition the vertex set V of a complete graph KN into V1 and V2 such that
|V1| ≤ |V2| ≤ |V1| + 1, and hence |V1| ≤ |V2| ≤ (N + 1)/2. We can color the edges between V1
and V2 with at most (1+ )((N + 1)/(2c1))(m−1)/m colors such that there is no monochromatic
C2m . If |V1| > N0, we then color the edges in V1 and V2 in the same fashion. Partition V1 into
two sets U1 and U2 with |U1| ≤ |U2| ≤ |U1| + 1. Thus
|U1| ≤ |U2| ≤ (N + 1)/2+ 12 =
N + 1+ 2
22
.
We can color the edges between U1 and U2 with at most (1+ )(N + 1+ 2)/(22c1)(m−1)/m new
colors such that there is no monochromatic C2m . In general, when i < blog2 Nc, we use at most
(1+ )
(
N + 1+ 2+ · · · 2i−1
2ic1
)(m−1)/m
≤ (1+ )
(
2N
2ic1
)(m−1)/m
= (1+ )
(
N
c1
)(m−1)/m ( 1
2(m−1)/m
)i−1
colors in the i th step. In the last step, we use at most M =
(
N0
2
)
colors to color the edges in each
set of cardinality at most N0 in the most naive fashion. Let k be the number of colors used. Then
k ≤ (1+ )
(
N
c1
)(m−1)/m blog2 Nc∑
i=1
(
1
2(m−1)/m
)i−1
+ M
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<
1+ 
2(m−1)/m − 1
(
2N
c1
)(m−1)/m
+ M
≤ 1+ 2
2(m−1)/m − 1
(
2N
c1
)(m−1)/m
for large N , which follows by the desired lower bound for N = rk(C2m). 
Let m ≥ 2 be an integer and let q ≥ m be a prime power. Let F(q) be the Galois field
of q elements, and let both X and Y be copies of the Cartesian product Fm(q). Denote by N
the number qm = |X | = |Y |. We shall use vectors in Fm−1(q) as colors to color the complete
bipartite graph KN ,N on partite sets X and Y such that there is no monochromatic C2m for
m = 2, 3, 5. For vertices A ∈ X and B ∈ Y with
A =

a1
a2
...
am
 and B =

b1
b2
...
bm
 ,
color the edge AB with color S ∈ Fm−1(q) when
S =

a1 + b1
a2 + b2
...
am−1 + bm−1
+ bm

a2
a3
...
am
 .
Let us denote by HS(m, q) the subgraph induced by all edges in the color S.
Lemma 2. If HS(m, q) contains a cycle C = (A1, B1, . . . , Am, Bm) of length 2m with Ai ∈ X
and Bi ∈ Y , then for each Bi there exists a B j , i 6= j , such that bi m = b j m , where bi m and b j m
are the mth (last) coordinates of Bi and B j , respectively.
Proof. Let A, B, and A′ be three consecutive vertices in the cycle C with B ∈ Y . By the
definition of the coloring we have
a1 − a′1
a2 − a′2
...
am−1 − a′m−1
 = −bm

a2 − a′2
a3 − a′3
...
am − a′m
 ,
which gives
ai − a′i = −bm(ai+1 − a′i+1) = (−bm)m−i (am − a′m),
and hence
a1 − a′1
...
am−1 − a′m−1
am − a′m
 = (am − a′m)

(−bm)m−1
...
−bm
1
 .
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Clearly am 6= a′m since otherwise A and A′ would be the same vertex. By taking A, B, and A′ as
Ai , Bi , and Ai+1, respectively, and by writing xi = ai m − a(i+1)m , and ci = −bi m , we obtain
Ai − Ai+1 = xi

cm−1i
...
ci
1
 ,
and xi 6= 0. From the trivial fact that ∑mi=1(Ai − Ai+1) is the zero vector, where Am+1 = A1,
we have
cm−11 c
m−1
2 · · · cm−1m· · · · · ·
c1 c2 · · · cm
1 1 · · · 1


x1
...
xm−1
xm
 =

0
...
0
0
 .
Note that the left-hand side matrix is a Vandermonde matrix. It is well known that this matrix is
singular if and only if there are some i 6= j such that ci = c j . It is easy to see a more specific
property as if the i th column of the Vandermonde matrix is a linear combination of the other
columns, then there exists j 6= i such that c j = ci . Now, in the above Vandermonde matrix, the
i th column is a linear combination of the other columns since xi 6= 0, so for some j 6= i , ci = c j ,
and hence bi m = b j m . 
Lemma 3. If two distinct vertices in the same partite set of HS(m, q) have a neighbor in
common, then they have different mth (last) coordinates.
Proof. Let A, A′ ∈ X be distinct vertices of HS(m, q). If they have a common neighbor B ∈ Y ,
the proof of Lemma 2 shows that am 6= a′m since otherwise A and A′ would be the same vertex.
Let B, B ′ ∈ Y be distinct vertices of HS(m, q). If they have a common neighbor A ∈ X , it
follows from the definition of the coloring that
b1 − b′1
b2 − b′2
...
bm−1 − b′m−1
 = −(bm − b′m)

a2
a3
...
am
 .
So bm 6= b′m since otherwise B and B ′ would be the same vertex. 
Lemma 4. Let S ∈ Fm−1(q) and q ≥ m ≥ 2. Then HS(m, q) contains no C2m for m = 2, 3, 5.
Proof. Suppose HS(2, q) contains a cycle C4 = (A1, B1, A2, B2) with Ai ∈ X and Bi ∈ Y . By
Lemma 2, b1 2 = b2 2. However, B1 and B2 have a common neighbor A1, contradicting Lemma 3.
Suppose HS(3, q) contains a cycle C6 = (A1, B1, A2, B2, A3, B3) with Ai ∈ X and Bi ∈ Y .
By Lemma 2, b1 3 = b2 3 or b1 3 = b3 3. However, B1 and B2 have a common neighbor A2 and
B1 and B3 have a common neighbor A1, contradicting Lemma 3.
Suppose HS(5, q) contains a cycle C10 = (A1, B1, . . . , A5, B5) with Ai ∈ X and Bi ∈ Y .
By Lemma 2, there exist three distinct vertices Bi , B j , and Bk such that bi 5 = b j 5 = bk 5. Two
of these vertices must be consecutive in the cyclic sequence B1, B2, . . . , B5, B1. So they have a
common neighbor, contradicting Lemma 3. 
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Lemma 5. Let m = 2, 3 or 5; then brk(C2m) ≥ (1− o(1))km/(m−1) as k →∞.
Proof. Let p1 and p2 be consecutive primes such that pm−11 ≤ k < pm−12 . From the Prime
Number Theorem, we know p1 ∼ p2 and hence pm−11 ∼ k as k → ∞. By the definition
of HS(m, p1), we use p
m−1
1 ≤ k colors to color KN ,N , N = pm1 , such that there is no
monochromatic C2m by Lemma 4, and thus brk(C2m) > N = pm1 ≥ (1− o(1))km/(m−1). 
Lemma 6. Let m ≥ 2 be an integer and let q ≥ m be a prime power. Then graphs HS(m, q) are
isomorphic to each other for S ∈ Fm−1(q).
Proof. Let θ be the zero vector of Fm−1(q). It suffices to check that HS(m, q) is isomorphic to
Hθ (m, q) for any S ∈ Fm−1(m, q). We shall define a bijection φ on X ∪Y as φ(A) = A for A ∈
X , φ(B) = (b1+s1, b2+s2, . . . , bm−1+sm−1, bm)T for B ∈ Y , where S = (s1, s2, . . . , sm−1)T.
Then it is easy to verify that AB is an edge of Hθ (m, q) if and only if φ(A)φ(B) is an edge of
HS(m, q). 
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